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Abstract
A relation between Fick-Jacobs and Schro¨dinger equation is shown.
When the diffusion coefficient is constant, exact solutions for Fick-
Jacobs equation are obtained. Using a change of variable the general
case is studied.
.
1 Introduction
Recently, methods of quantum physics haven been used to solve problems in
other disciplines. For instance, Black-Scholes can be mapped to Schro¨dinger
equation [1, 2, 3]. It is worth to mention that Black-Scholes equation plays
an important role in finance [1, 2, 3]. Moreover, it is well known that the Fick
equation represents the simplest model of diffussion. The Fick equation can
be mapped to Schro¨dinger equation too. When the diffusion is in a channel
which has shape of surface of revolution with cross section of area A(x), the
Fick equation is changed to Fick-Jacobs equation [4]
∂C(x, t)
∂t
=
∂
∂x
[
D(x)A(x)
∂
∂x
(
C(x, t)
A(x)
)]
, (1)
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where C(x, t) is the concentration of particles and D(x) is the diffusion co-
efficient.
The Fick-Jacobs equation is important to study diffusion in biological chan-
nels or zeolites and is studied with perturbative and numerical methods
[5, 6, 7, 8, 9, 10, 11]. In this paper we find a relation between Fick-Jacobs and
Schro¨dinger equation. Also, using quantum mechanics methods, we obtain
exact solutions for Fick-Jacobs equation, in particular when the diffusion co-
efficient is constant and the shape of channel is conical, throat-like, sinusoidal
or Gaussian. To study the Fick-Jacobs equation with constant diffusion co-
efficient, we use the operator
Pˆ(f) = −i
∂
∂x
+ i
∂f(x)
∂x
, x ∈ R (2)
where f is smooth function. The operator (2) was first studied by P. A. M.
Dirac [12]. The general case is studied with a change of variable.
This paper is organized as follows: In section 2 a review of quantum me-
chanics with a generalized operator (2) is presented. In section 3 is shown
a relation between Fick-Jacobs and Schro¨dinger equation. In section 4 some
properties of solutions are considered. In section 5 the case with constant
diffusion coefficient is studied for different examples. In section 6 the general
case is analyzed. Finally in section 7 a summary is given.
2 Generalized momentum operator
The Hermitian operator
Pˆ = −i ∂
∂x
(3)
is the usual momentum operator in quantum mechanics, with h¯ = 1. How-
ever, in early quantum mechanics, P. A. M. Dirac studied the no-Hermitean
operator [12]
Pˆ(f) = e
f(x)Pˆ e−f(x) = Pˆ + i
∂f(x)
∂x
. (4)
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This operator is very interesting, for example using it we can build a su-
persymmetric quantum mechanics. In fact, lets us propose the Hermitian
Hamiltonians:
Hˆ1 = α
2Pˆ †(f)Pˆ(f) = α
2

Pˆ 2 + d2f
dx2
+
(
df
dx
)2 , (5)
Hˆ2 = α
2Pˆ(f)Pˆ
†
(f) = α
2

Pˆ 2 − d2f
dx2
+
(
df
dx
)2 , (6)
here α is constant. Now, if W is a smooth function, we can propose
f(x) =
∫ x
0
W (u)du, x ≥ 0, (7)
then
Hˆ1 = α
2
(
Pˆ 2 +
dW
dx
+W 2
)
, (8)
Hˆ2 = α
2
(
Pˆ 2 − dW
dx
+W 2
)
. (9)
These Hamiltonians can be used to form the matrix
Hˆ =
(
Hˆ1 0
0 Hˆ2
)
. (10)
According to the supersymmetric quantum mechanics [13], Hˆ represents a
superhamiltonian.
Furthermore, with the operator (4) we can build the Hamiltonians:
Hˆ3 = β
2Pˆ †(f)Pˆ
†
(f) = β
2

Pˆ 2 − 2i df
dx
Pˆ − d
2f
dx2
−
(
df
dx
)2 , (11)
Hˆ4 = β
2Pˆ(f)Pˆ(f) = β
2

Pˆ 2 + 2i df
dx
Pˆ +
d2f
dx2
−
(
df
dx
)2 , (12)
where β is constant. These Hamiltonians are no-Hermitian, however with
them we can construct Hamiltonians which arise in the so-called quantum
3
finance [3]. We will use these Hamiltonians to study Fick-Jacobs equation.
Now, using the Hamiltonians Hˆ3 and Hˆ4, we can set the wave equations
i
∂ψ3(x, t)
∂t
= Hˆ3ψ3(x, t), (13)
i
∂ψ4(x, t)
∂t
= Hˆ4ψ4(x, t). (14)
Both of these equtions are equivalent to non-relativistic free particle. In fact,
first note that
Pˆ †(f)Pˆ
†
(f) = e
−f(x)Pˆ ef(x)e−f(x)Pˆ ef(x) = e−f(x)Pˆ 2ef(x),
Pˆ(f)Pˆ(f) = e
f(x)Pˆ e−f(x)ef(x)Pˆ e−f(x) = ef(x)Pˆ 2e−f(x), (15)
namely
i
∂ψ3(x, t)
∂t
= Hˆ3ψ3(x, t) = β
2e−f(x)Pˆ 2ef(x)ψ3(x, t),
i
∂ψ4(x, t)
∂t
= Hˆ4ψ4(x, t) = β
2ef(x)Pˆ 2e−f(x)ψ4(x, t),
thus
i
∂
(
ef(x)ψ3(x, t)
)
∂t
= β2Pˆ 2
(
ef(x)ψ3(x, t)
)
,
i
∂
(
e−f(x)ψ4(x, t)
)
∂t
= β2Pˆ 2
(
e−f(x)ψ4(x, t)
)
.
These equations represent the free particle wave equation and their solutions
are:
ef(x)ψ3(x, t) = e
−iβ2Pˆ 2t
(
ef(x)ψ03(x)
)
,
e−f(x)ψ4(x, t) = e
−iβ2Pˆ 2t
(
e−f(x)ψ04(x)
)
, (16)
where ψ3(x, 0) = ψ03(x) and ψ4(x, 0) = ψ04(x) are the initial conditions.
Therefore,
ψ3(x, t) =
(
e−f(x)e−iβ
2Pˆ 2tef(x)
)
ψ03(x),
ψ4(x, t) =
(
ef(x)e−iβ
2Pˆ 2te−f(x)
)
ψ04(x) (17)
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are the general solution of equations (13) and (14).
Also, if V is a potential, we can prove that the wave equations
i
∂ψ3(x, t)
∂t
=
(
β2Pˆ †(f)Pˆ
†
(f) + V (x)
)
ψ3(x, t) (18)
i
∂ψ4(x, t)
∂t
=
(
β2Pˆ(f)Pˆ(f) + V (x)
)
ψ4(x, t), (19)
are equivalent to
i
∂
(
ef(x)ψ3(x, t)
)
∂t
= Hˆ
(
ef(x)ψ3(x, t)
)
, (20)
i
∂
(
e−f(x)ψ4(x, t)
)
∂t
= Hˆ
(
e−f(x)ψ4(x, t)
)
, (21)
here the Hamiltonian is
Hˆ = β2Pˆ 2 + V (x). (22)
The general solutions of the equations (20) and (21) are:
ef(x)ψ3(x, t) = e
−iHˆt
(
ef(x)ψ03(x)
)
, (23)
e−f(x)ψ4(x, t) = e
−iHˆt
(
e−f(x)ψ04(x)
)
, (24)
therefore, the general solutions of the equations (18) and (19) are given by
ψ3(x, t) =
(
e−f(x)e−iHˆtef(x)
)
ψ03(x), (25)
ψ4(x, t) =
(
ef(x)e−iHˆte−f(x)
)
ψ04(x), (26)
where the initial conditions are ψ3(x, 0) = ψ03(x) and ψ4(x, 0) = ψ04(x).
In the next section we will use these results to show a equivalence between
Fick-Jacobs and Schro¨dinger equation.
3 Fick-Jacobs equation as Schro¨dinger equa-
tion
The Fick-Jacobs equation (1) can be written as
∂C(x, t)
∂t
= D(x)
∂2C(x, t)
∂x2
+D(x)
∂
∂x
[
ln
(
D(x)
A(x)
)]
∂C(x, t)
∂x
5
− ∂
∂x
(
D(x)
∂ lnA(x)
∂x
)
C(x, t). (27)
Now, with the change of variable
y =
∫ x
x0
dz√
D(z)
, x0 = constant, (28)
we have
∂
∂x
=
1√
D(x)
∂
∂y
, D(x)
∂2
∂x2
=
∂2
∂y2
−
∂
(√
D(x)
)
∂x
∂
∂y
. (29)
Using (29) in (27), we get
∂C(y, t)
∂t
=
∂2C(y, t)
∂y2
+
√
D(x)
∂
∂x

ln


√
D(x)
A(x)



 ∂C(y, t)
∂y
− ∂
∂x
(
D(x)
∂ lnA(x)
∂x
)
C(y, t). (30)
Whether the change of variable (28) is invertible, this equation can be written
as a function of variable y. Also, if (28) is invertible, we can define the
functions:
∂
∂y
f(y) = −1
2
√
D(x)
∂
∂x

ln


√
D(x)
A(x)



 ,
V (y) =
(
∂f(y)
∂y
)2
− ∂
2f(y)
∂y2
+
∂
∂x
(
D(x)
∂ lnA(x)
∂x
)
. (31)
Then (30) can be written as
− ∂C(y, t)
∂t
= HˆfC(y, t), (32)
here
Hˆf = Pˆ
2 + 2i
∂f(y)
∂y
Pˆ +
∂2f(y)
∂y2
−
(
∂f(y)
∂y
)2
+ V (y), Pˆ = −i ∂
∂y
.
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Moreover, using the results of Section 2, we obtain
Hˆf = e
f(y)Hˆe−f(y), Hˆ = Pˆ 2 + V (y), (33)
then
− ∂C(y, t)
∂t
= ef(y)Hˆe−f(y)C(y, t), (34)
namely
−
∂
(
e−f(y)C(y, t)
)
∂t
= Hˆ
(
e−f(y)C(y, t)
)
(35)
and the solution of this equation is given by
e−f(y)C(y, t) = e−Hˆt
(
e−f(y)C0(y)
)
. (36)
Thus, when the change of variables (28) is invertible, the general solution
of Fick-Jacobs equation is
C(y, t) =
(
ef(y)e−Hˆte−f(y)
)
C0(y), (37)
with the initial condition C(y, 0) = C0(y).
There are several examples where the change of variable (28) is invertible,
for instance D = constant, D(x) = xn, n = 1, 2, · · · , or D(x) = eαx, α ∈ R.
4 Some properties of solutions
Now we will study some solutions properties of Fick-Jacobs equation.
First, lets us take
C0(y) = e
f(y), (38)
then the solution (37) gives
C(y, t) = ef(y). (39)
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Namely, in this case the system does not evolve. It is a interesting result,
because in this case there is not diffusion.
Now, whether we want to find the evolution of any condition initial, we can
use quantum mechanics results. For example, when the Hamiltonian is
Hˆ = Pˆ 2, (40)
and initial condition is
C0(y) = e
f(y) 1
(2piσ2)1/2
e−
(y−a0)
2
4σ2 , a0, σ = constant, (41)
using quantum mechanics results, we get
C(y, t) = ef(y)
(
σ2
2pi
)1/4
1
(σ2 + t)1/2
e
−
(y−a0)
2
4(σ2+t) . (42)
In general, if Hˆψn(y) = Enψn(y) and the concentration initial is
C0(y) = e
f(y)φ0(y). (43)
with
φ0(y) =
∑
n≥0
anψn(y), (44)
where an are Fourier coefficients, then
C(y, t) =
∑
n≥0
ane
f(y)e−Entψn(x).
Thus, as the Fick equation, the solution of Fick-Jacobs equation can be seen
as quantum states.
5 Fick-Jacobs equation with constant diffu-
sion coefficient
In this section we study the particular case D = D0 = constant.
8
For this case the general solution is given by
C(x, t) =
√
A(x)e−Hˆt

 C0(x)√
A(x)

 , (45)
with
Hˆ = D0
(
Pˆ 2 + V (x)
)
, Pˆ = −i ∂
∂x
, (46)
V (x) =
1
2
1
A(x)
∂2A(x)
∂x2
− 1
4
(
∂ lnA(x)
∂x
)2
. (47)
Now lets us consider the following geometries:
5.1 Canonical channel
When the channel is a cone, the cross-sectional area is A(x) = pi(1 + λx)2,
where λ is the slope of the generatriz of the cone. For this case, the potential
(47) is
V (x) = 0. (48)
Then, using the results of Section 3, we find
C(x, t) = (1 + λx)e−D0Pˆ
2
(
C0(x)
1 + λx
)
, (49)
here the initial condition C(x, 0) = C0(x) is satisfied.
In particular case
C0(x) =
(1 + λx)
(2piσ2)1/2
e−
(x−a0)
2
4σ2 , (50)
we get
C(x, t) = (1 + λx)
(
σ2
2pi
)1/4
1
(σ2 + tD0)
1/2
e
−
(x−a0)
2
4(σ2+tD0) . (51)
The conical tube was solved in [8] with a particular initial condition, here we
solve the equation in general.
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5.2 Throat-like channel
If the channel is a throat-like, the cross-sectional area can be taken as an
exponential function
A(x) = eαx+β, (52)
where α and β are constants. In this case the potential (47) is
V (x) =
α2
4
. (53)
Therefore, the general solution is
C(x, t) = e−
D0α
2t
4 e
αx
2 e−D0Pˆ
2te−
αx
2 C0(x). (54)
Then, when the initial condition is a Gaussian
C0(x) =
e
α
2
x
(2piσ2)1/2
e−
(x−a0)
2
4σ2 , (55)
the concentration for any time is
C(x, t) = e−
D0α
2t
4 e
αx
2
(
σ2
2pi
)1/4
1
(σ2 + tD0)
1/2
e
−
(x−a0)
2
4(σ2+tD0) . (56)
5.3 Sinusoidal channel
If the channel is sinusoidal, the cross section is
A(x) = B (sin γx)2 , B, γ = constants. (57)
In this case the potential (47) is
V (x) = −γ2. (58)
Then the solution is
C(x, t) = eD0γ
2t sin(γx)e−D0Pˆ
2t C0(x)
sin(γx)
. (59)
When condition initial a Gaussian
C0(x) =
sin(γx)
(2piσ2)1/2
e−
(x−a0)
2
4σ2 , (60)
the concentration for any time is
C(x, t) = eD0γ
2t sin(γx)
(
σ2
2pi
)1/4
1
(σ2 + tD0)
1/2
e
−
(x−a0)
2
4(σ2+tD0) . (61)
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5.4 Gaussian channel
Whether the area of the cross section of the channel is a Gaussian, we have
A(x) = eax
2+bx+c, (62)
here a, b and c are constants. In this case the potential defined in (47) is
V (ζ) = a2ζ2 + a, with ζ = x+
b
a
, (63)
and the general solution is
C(ζ, t) = e−D0ate
aζ2
2 e−hˆte−
aζ2
2 C0(ζ), (64)
where
hˆ = D0
(
Pˆ 2 + a2ζ2
)
, (65)
When we define m = 1/(2D0) and ω
2 = 4D20a
2, the operator (65) is the
Hamiltonian oscillator harmonic. Then, if ψn(ζ) is eigenfunction of hˆ, we
have
hˆψn(ζ) = ψn(ζ)En, En = 2D0a
(
n+
1
2
)
, n = 0, 1, 2, · · · .
Therefore, if the initial condition is
C0(ζ) = e
1
2
aζ2
(
a
pi
)1/4
ψn(ζ), (66)
the concentration for any time is
C(ζ, t) = e−D0at e
aζ2
2 e−2D0a(n+
1
2)tψn(ζ). (67)
6 Other cases
In some cases the diffusion coefficient is given by [5, 10]
D(x) =
D0(
1 +
[
d
dx
(√
A(x)
pi
)]2)1/2 . (68)
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When the change of variable (28) is invertible, we can study these cases. For
instance, for the conical channel, which has cross section A(x) = pi(1+ λx)2,
the change of variable in this case is
y = x
(√
1 + λ2
D0
) 1
2
and it is invertible.
7 Summary
We have shown a relation between Fick-Jacobs and Schro¨dinger equation.
When the diffusion coefficient is constant, we have obtained exact solutions
for Fick-Jacobs equation for different geometries. Moreover, the general case
was studied and it has shown that the solutions of Fick-Jacobs equation can
be seen as a quantum state.
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